Abstract: In this paper we obtain two Zudilin-Like recurrence relations of third order for ζ(5), after applying Zeilberger's algorithm of creative telescoping to some hypergeometric series. These recurrence relations do not supply diophantine approximations to ζ (5) that prove its irrationality, however it presents an algorithm for fast calculation of this constant. Moreover, we deduce a new continued fraction expansion for ζ (5) as a consequence.
Introduction
The arithmetical properties of the Riemann zeta function at odd integer arguments
had fascinated a good number of mathematicians from the XVII century. In particular, Euler gave the following result for ζ (3) ζ(3) = π 2 log 2 + 2 π/2 0 x log sin xdx, for more details, see [31] . In Addition, he exposed the following conjecture
where p and q are integer numbers [33] . However, Euler's efforts to validate it were failed, and meanwhile the conjecture itself has been refuted [38] . Subsequent to the researches initiated by Euler, nothing was known on the arithmetical nature of the Riemann zeta function at odd arguments, until 2.00 pm on a Thursday afternoon in June 1978, Roger Apéry surprised the mathematical community with a talk about the irrationality of ζ (3), see for instance [7, 33, 34, 41] . The aforesaid result was credited as Apéry's theorem, ζ (3) / ∈ Q, [7, 8, 9, 10, 11, 12, 15, 18, 21, 22, 29, 33, 34, 35, 36, 39, 40, 41] .
From the result of Apéry, several seminaries were organized, in order to understand the aforesaid proof, so answering the questions about the arithmetical properties of the Riemann zeta function at odd integers. However, to this date it is not known if the ζ (5) is irrational or not, although many mathematicians conjecture that this aforesaid number is as much irrational like transcendental; some of the few results connected with ζ (5) appear in [30, 32, 42, 43, 44, 45] . Due to the importance conferred to the study of the arithmetical properties of ζ (2k + 1) for k ∈ N, inside and outside of mathematics, many researchers, inspired by the ideas of Euler and of Apéry, have obtained some forms of representing to ζ (5). For example, in [6, 14] the authors showed the following relation connected to the golden ratio ϕ = 2
where
is the polylogarithm of order n. In addition, in [13, 27] appear
and in [26] it is deduced
respectively. Another of the interesting results are the obtained for Zudilin, which, in [46] proved
with
where u n , w n , v n ∈ Q satisfy the following recurrence relation of third order
with initial conditions
Moreover, Zudilin in [45] using the very-well-poised hypergeometric series 1 (1) as well as the resultF
, deduced the following recurrence relation of third order
which is satisfied by the numerators p n,5 and denominators q n,5 of the rational approximations to ζ (5) with the initial conditions
In addition, he verified that the sequence r n,5 = q n,5 ζ (5) − p n,5 > 0 also satisfies the recurrence relation (2) and he checked that the same and the sequence of the denominators q n,5 , satisfy the following limits 2) . With these results, Zudilin presented an efficient and fast algorithm for the calculation of this constant ζ (5), since the sequence of rational approximations p n,5 /q n,5 converge to ζ (5) with speed |µ 2 /µ 3 | < 1.42521964·10 −4 [33, 45] .
The aim of this paper is to present an efficient algorithm for fast calculation of ζ (5). As consequence, new Zudilin-like rational approximations to ζ (5) are deduced, as well as a new continued fraction expansion for this constant.
Main results
As it is known, the ordinary hypergeometric series [17, 20, 23] at the variable z is defined by
where (·) k denotes the Pochhammer symbol [5, 16] , also called the shifted factorial, defined by
which in terms of the gamma function is given by
, k = 0, 1, 2, . . .
and {b j } s j=1 are complex numbers subject to the condition that b j = −n with n ∈ N\ {0} for j = 1, 2, . . . , s. In particular, the series
is called well-poised if the sequences {a i } r i=0 and {b j } r j=1 satisfy the following relations
Theorem 2.1. Let n be an integer, with n ≥ 1. Then, the following sequences
and
are the very-well-poised hypergeometric series 
respectively.
Proof. We prove only the second result, since both are similar. According to (3) we have
Then, having into account
and (k + n + 1)
We deduce
which coincides with (6). This finishes the proof, the detailed verification of (7)- (10) being left to the reader.
Indeed, the very-well-poised hypergeometric series (4) and (5) are Q-linear forms in {1, ζ (3) , ζ (5)} , i. e., R n,1 = α n ζ (5) + β n ζ (3) − γ n and R n,2 =α n ζ (5) +β n ζ (3) −γ n .
Next, we apply to the very-well-poised hypergeometric series (4) and (5), the so-called algorithm of creative telescoping due to W. Gosper and D. Zeilberger [1, 2, 3, 4, 25] , from which are deduced the following results. In fact, this algorithm is implemented in different computer algebra systems, in particular, in Maple and Mathematica.
Proposition 2.2. The sequences (α n ) n≥1 , (β n ) n≥1 , (γ n ) n≥1 and (R n,1 ) n≥1 verify the following Zudilin-like recurrence relation 
and (R n,2 ) n≥1 verify the following Zudilin-like recurrence relation
with initial conditionsα which are easy to check using (4) and (5), respectively.
Evidently, from (11) we deduce that r n = q n ζ (5) − p n , where q n = α nβn −α n β n , p n =β n γ n − β nγn and r n =β n R n,1 − β n R n,2 .
As the characteristic equation of (12) and (14) is [24, 28] we deduced that
, respectively, as n goes to infinity. Observe that the same behavior occurs forα
and R n,2 = O (|t 1 | n ). Thus, from above results we follow to following conjecture.
Conjecture 2.1. Let n be positive integer, with n ≥ 1. Then, the sequences (p n ) n≥1 , (q n ) n≥1 and (r n ) n≥1 , have the following behavior p n = O (|t 2 t 3 | n ), q n = O (|t 2 t 3 | n ) and r n = O (|t 1 t 3 | n ), as n goes to infinity.
Evidently, the previous conjecture supplies an algorithm for fast calculation of the number ζ (5). Consequently, the rational approximations p n /q n converge to ζ (5) with speed 1.42522 × 10 −4 , which is showed in the following Table 1 . Let us recall some results about the continued fraction representation. We say that a number α can be written by a infinite irregular continued fraction expansion, if admits the following representation
a 2 + b 3 a 3 + . . . a n−1 + b n a n + . . . Theorem 2.5. [19, p. 31] Let (p n ) n≥−1 and (q n ) n≥−1 be two sequences of numbers such that q −1 = 0, p −1 = q 0 = 1 and p n q n−1 − p n−1 q n = 0 for n = 0, 1, 2, . . .. Then, there exists a unique irregular continued fraction
